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Abstract
We propose that the recently observed violation of theWiedemann-
Franz law in the normal state of underdoped cuprates is caused by
spin-charge separation and dynamical chiral symmetry breaking in
a (2+1)-dimensional system consisting of massless Dirac fermions,
charged bosons and a gauge field. While the d-wave spinon gap van-
ishes at the Fermi points, the nodal fermions acquire a finite mass
due to strong gauge fluctuations. This mass provides a gap below
which no free fermions can be excited. This implies that there is not
a residual linear term for the thermal conductivity, in good agreement
with experiments. Other physical implications of the CSB are also
discussed.
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The Wiedemann-Franz (WF) law is one of the basic properties of Lan-
dau’s Fermi-liquid theory. It states that at very low temperatures, where
elastic collisions dominate, quasiparticles have the same ability to transport
heat and charge, leading to a universal relation between the thermal conduc-
tivity κ and the electrical conductivity σ, κ
σT
= pi
2
3
(
kB
e
)2
. Although this law
has been shown to be valid in a wide range of materials, recently Hill et al.
[1] reported a violation of the WF law in the normal state of a copper-oxide
superconductor Pr2−xCexCuO4−y (PCCO) at T → 0. Later, it was veri-
fied that the violation happens only in the underdoped and optimally doped
region [2]. In particular, while the charge transport of PCCO at low temper-
atures is that of a fairly good metal, no residual linear term for the thermal
conductivity is observed. This unrelationship between the charge and heat
transporting behavior, together with other experiments [3], strongly suggest
that the spin and charge degrees of freedom may be separated [1,4] in under-
doped cuprate.
At low temperatures, scanning tunneling microscopy (STM) experiments
[5] observed a pseudogap in the vortex core which scales as the superconduct-
ing (SC) gap. While it is difficult to account for the pseudogap inside the
core in conventional weak coupling theories (for a review, see Ref.[6]), these
experiments can be understood within several spin-charge separation theo-
ries [6-8] that take strong correlations into account. This is another evidence
for the existence of spin-charge separation. As the magnetic field increases,
the vortices begin to overlap and eventually suppress the superconductivity
completely at Hc2. In this state, the holons are not Bose condensed and have
the same ability to transport charge as that of free electrons in metals. Their
contribution to the thermal conductivity κ at T → 0 is proportional to T 3
and hence can be neglected. The spinons all form stable pairs, which pre-
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vent single spinons from moving freely. However, the spinon gap of PCCO
has a rather pure dx2−y2 symmetry [9] and vanishes at the four Fermi points
k = (±pi/2,±pi/2). Owing to this peculiar symmetry, even at T → 0, a
sizeable population of fermions, called nodal fermions, should exist and con-
tribute a linear term to κ, as in the case of a d-wave superconductor [10].
Thus, spin-charge separation alone can not explain the violation of the WF
law. A residual linear term for the thermal conductivity κ still exists after
the spin and charge degrees of freedom are separated.
In this paper we propose that the above inconsistency can be overcomed
by the inherent chiral symmetry breaking (CSB) in a spin-charge separated
system. Once CSB happens, the originally massless nodal fermions acquire
a finite mass via strong gauge interaction. This finite mass is actually a gap
below which no free fermions can be excited. In fact, due to the confining
potential for the massive fermions, the fermions appear only in the form
of stable fermion-antifermion pairs, which are composite Goldstone bosons
arising from CSB. The low energy excitations are all bosons, which contribute
a ∼ T 3 term to the thermal conductivity. Thus there is no residual linear
term at T → 0, in agreement with experiments.
However, at present spin-charge separation in two dimensions is still an
issue of great debate. To test whether it exists in underdoped cuprates, a
vison-memory effect was proposed by Senthil and Fisher [11]. In a recent ex-
periment [12], no sign of such an effect was observed, which challenges all the
spin-charge separation theories that predict the Senthil-Fisher effect [11,13].
Instead of involving in the intricate details of this experiment, in this paper
we choose to begin with the staggered flux phase of the SU(2) formulation
of the t-J model [14-16] because it does not exhibit the vison-memory effect
[7] and naturally leads to a stable hc/2e vortex inside which a finite pseu-
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dogap exists [7]. In this phase, the spinon gap have a dx2−y2 symmetry and
vanishes linearly at the Fermi points, so the low energy excitations from this
condensate are massless Dirac fermions [17-19]. To describe the underdoped
cuprates more quantitatively, the gauge fluctuations must be included. Of
the three components of the SU(2) gauge fields, two become massive via the
Higgs mechanism and hence are ignored, leaving a massless gauge field aµ
[16]. Thus we finally arrive at an effective two-dimensional model that con-
sists of massless Dirac fermions, charged bosons and a U(1) gauge field. As
we will show below, CSB is an inherent phenomenon in this system.
In the absence of the holons, the effective Lagrangian [18,19] is
LF =
N∑
σ=1
ψσvσ,µ (∂µ − iaµ) γµψσ. (1)
The Fermi field ψσ is a 4× 1 spinor. The 4× 4 γµ matrices obey the algebra,
{γµ, γν} = 2δµν , and for simplicity, we let vσ,µ = 1 (µ, ν = 0, 1, 2). The
Lagrangian (1) is the (2+1)-dimensional massless QED (QED3), which is
invariant under chiral transformations ψ → exp(iθγ3,5)ψ, with γ3 and γ5 two
4× 4 matrices that anticommute with γµ (µ = 0, 1, 2). A fermion mass term
mψψ will break the chiral symmetries. One of the most interesting properties
of QED3 is that the massless fermions may develop a finite mass via the
interaction with strong gauge field, called dynamical CSB [20-22]. CSB is
a nonperturbative phenomenon and any calculations based on perturbation
theory fail to obtain it. The standard approach to this problem is to solve
the Dyson-Schwinger (DS) equation for the fermion self-energy. In general,
the inverse fermion propagator is written as S−1(p) = iγ · pA (p2) + Σ (p2),
A(p2) the wave-function renormalization and Σ(p2) the fermion self-energy.
If the DS equation has only trivial solutions, the fermions remain massless
and the chiral symmetries are not broken. If the mass function develops a
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nontrivial solution, the fermions then acquire a finite mass, which breaks the
chiral symmetries (As discussed below, this is not always true). Appelquist
et al. [20] found that Σ(p2) can have a nontrivial solution only for N <
32/pi2. In their calculations A(p2) was simply ignored, which leads to a
gauge-dependent critical fermion number. Later, Nash [21] considered the
DS equation for Σ(p2)/A(p2), and obtained a gauge invariant Nc which is
very near to 32/pi2. In the case of cuprates, N = 2 < Nc; therefore, the
massless fermions obtain a dynamically generated mass.
This critical behavior, however, might be changed by the holons. Gen-
erally, it is believed that CSB occurs only in the gauge theories those are
asymptotically free, such as QCD and QED3. But an additional scalar field
might destroy the asymptotic freedom and hence the CSB, as the Higgs fields
do in the Standard Model. To examine whether CSB exists, we will rean-
alyze the DS equation in the presence of a scalar field. Unfortunately, the
behavior of the holons are at present poorly understood and it is difficult
to derive a microscopic theory for the holons; therefore, proper assumptions
and approximations should be made. In practice, previous treatments [19]
simply neglect the holons and consider the Lagrangian (1) only. In this pa-
per, we assume that the effective Lagrangian for the holons is that of the
(2+1)-dimensional scalar QED
LB = |(∂µ − iaµ − ieAµ) b|
2 +m |b|2 , (2)
where Aµ is the external gauge potential and m is the mass of holons. b =
(b1, b2) is a doublet of scalar fields [16]. The minimum of LB is located
at 〈b〉 = 0, so the Bose condensation does not happen. Since spin-charge
separation is supposed to exist there is no Yukawa-type coupling term.
Next we will show that CSB still happens in the presence of the holons
5
[23] by considering the DS equation for Σ(p2)/A(p2). To obtain a gauge
invariant result, we use a nonlocal gauge propagator
Dµν(q) =
1
q2Π(q2)
(
δµν − (1− ξ)
qµqν
q2
)
(3)
with ξ a gauge parameter and Π(q2) the vacuum polarization. The one-loop
vacuum polarization from the massless fermions is ΠF (q
2) = N/8 |q|. To
the lowest order, we assume that the only contribution of the holons to the
DS equation is the one-loop correction to the vacuum polarization Π(q2),
and that the only effect of Aµ is to suppress the Bose condensation. Simple
Feynman diagram calculation gives
ΠB(q
2) =
1
4pi

−2mq2 +
q2 + 4m2
q2 |q|
arcsin
(
q2
q2 + 4m2
)1/2
 . (4)
For calculational convenience, we set m = 0; then, ΠB(q
2) = 1/8 |q|. Using
the fact that the total vacuum polarization Π is the sum of ΠF and ΠB, we
have
Π(q2) =
N + 1
8 |q|
. (5)
This expression is rather simple, so it can lead us to an analytical result.
After performing calculations parallel to that presented in [21], we find that
Σ(p2)/A(p2) ∝ pt with t(t + 1) = −32/3pi2(N + 1), from which we obtain a
critical fermion number
N ′c =
128
3pi2
− 1. (6)
This critical number N ′c is gauge invariant since it is independent of ξ. It is
larger than the physical number 2, so the DS equation has nontrivial solutions
in the presence of holons. However, while CSB is described by nontrivial
solutions of the DS equation, not all nontrivial solutions lead to CSB. It is
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known that the breaking of a chiral symmetry is always accompanied by a
Goldstone boson, which is a pseudoscalar bound state composed of a fermion
and an antifermion. If CSB happens, there should be a nontrivial solution
for the Bethe-Salpeter (BS) equation of this bound state. In addition, the
bound state wave function must satisfy a normalization condition, which can
be converted to a sufficient and necessary condition [24] for the nontrivial
solutions of the DS equation to signal CSB. It gives a constraint on the form
of Σ(p2)/A(p2). In the case of QED3, the solutions found in [21] satisfy such a
condition [24], so do our solutions since they have the same asymptotic form.
Therefore, our Σ(p2)/A(p2) does correspond to CSB solutions. As a result,
the nodal fermions become massive. This mass provides a finite gap that
should be overcomed before free fermions are excited. At the same time, the
BS equation develops a nontrivial solution corresponding to a truely bound
state which is a fermion-antifermon pair. The absence of free fermions at low
energy can also be seen from the potential for fermions, which behaves like
[25]
V (x) ∼
ln |x|
2pi(1 + Π(0))
(7)
in the infrared region. In the symmetric phase, Π(0)→∞; so there is not a
confining potential between the massless fermions. In the CSB phase, when
the finite fermion mass is taken into account, Π(0) becomes finite, leading
to a confining potential for the massive fermions which binds the massivie
fermion into stable pairs. This striking result indicates that while the d-
wave spinon gap vanishes at four nodes, there are no free fermions at low
temperatures, in sharp contrast to the case of a d-wave superconductor [10].
This can explain why there is not a residual linear term for the thermal
conductivity of PCCO at T → 0.
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In terms of spin-charge separation, other possibilities, such as the spinon
localization and the existence of a complex order parameter (dx2−y2 + idxy
or dx2−y2 + is) for the spinon pairs, may also explain the absence of the
residual linear term for the thermal conductivity. However, we believe our
proposal is more natural since it is intrinsic and material-independent, while
the spinon localization depends on samples and a complex order parameter
is inconsistent with experiments [9].
The CBS is generally interpreted as AF long-range order. Correspond-
ingly, the Goldstone bosons associated to CBS are nothing but the spin waves
associated to AF order [18,15,26,27], with spin waves the Goldstone bosons.
This strongly suggests that the underlying ground state of the normal state
of underdoped cuprates is actually an antiferromagnetism. But it is funda-
mentally different from the Ne´el state at half-filling. At half-filling, due to
strong repulsive force the number of charge carriers at every lattice is ex-
actly one and the sample is an insulator. While in the underdoped region,
the holons are mobile and the sample has a metal-like electrical conductivity.
This implies that AF order is not necessarily tied to insulating behaviour [28].
However, thermal fluctuations in two-dimensional systems are strong enough
to rapidly restore the chiral symmetry, so the AF order is not expected to
persist in the normal state in weak magnetic fields.
Next we would like to discuss the robustness of our N ′c. First of all, we
consider the influence of a finite mass for gauge field aµ. Although Bose
condensation is completely suppressed above Hc2, aµ may acquire a finite
mass η via the instanton effect [29]. Moreover, CSB in QED3 is known
to be an essentially low-energy phenomenon because only in the infrared
region the gauge interaction is strong enough to cause fermion condensa-
tion. This effective asymptotic freedom requires fermions be apart from
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each other. But when the instanton effect is significant the massive gauge
field is unable to mediate a long range interaction. Using the propagator,
Dµν(q) =
8
(N+1)(|q|+η)
(
δµν −
qµqν
q2
)
, we obtain the following DS equation
Σ(p2) =
4
(N + 1)pi2p
∫
dk
kΣ(k2)
k2 + Σ2(k2)
×
(
p+ k − |p− k| − η ln
(
p+ k + η
|p− k|+ η
))
. (8)
Here, for simplicity, we set A(p2) = 1 (Note this will lead to a gauge-
dependent Nc; however, since this Nc is very near to the gauge invariant one
[21], equation (8) is expected to be a good approximation). In the strong
coupling limit the instanton effect gives aµ a very large mass, say η ≫ Λ with
Λ the ultraviolet cutoff. In this limit, the DS equation becomes
Σ arctan
(
N + 1
8Σ
)
=
N + 1
8
(
1− pi2η
)
. (9)
Obviously, this equation has no physical solutions; thus, a large mass of aµ
can suppress the CSB. The large η also causes spin-charge recombination
[19]. Fortunately, as we discussed above, extensive experiments suggest that
spinons and holons are actually well separated. Based on this, we expect the
system is actually in the weak coupling limit, implying a very small η if it
is indeed present. Then the last term in the kernel of (8) can be dropped
safely, leaving a DS equation which has a critical number very near to our
N ′c. So the instanton effect does not significantly change our result.
There are several other corrections that could modify N ′c than η. In gen-
eral, vσ,1 6= vσ,2; actually, the ratio between them is larger than 10. Recently,
this issue was addressed [30] in a physically different but mathematically re-
lated model. The result is that a weak velocity anisotropy does not change
the critical number, which suggests a stability of our conclusion against the
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velocity anisotropy. In addition, the holons may have a noticeable mass m.
For very large m, ΠB → 0, then the critical number Nc maintains its value
in the absence of holons. Next we assume m ∼ |p| in (4), now the vac-
uum polarization from holons becomes ΠB ∼ 0.1/8 |p|, leaving Nc essentially
unchanged. Since CSB is a low energy phenomenon, the integral over the
momentum in the DS equation is within a small interval. Therefore, it is
very reasonable to conclude that our result is entirely independent of the
holon mass, even if we do not know its exact value. Finally, in this paper
we consider only the one-loop contribution to the vacuum polarization from
fermions and bosons. Higher-order corrections were shown [21,31] have only
minor influence on Nc. But these calculations said nothing about the higher-
order corrections from the holons, which will be discussed in the future.
In conclusion, in a spin-charge separated system, we showed that the
massless nodal fermions acquire a finite mass, which breaks the chiral sym-
metries and provides a finite gap that should be overcomed for free fermions
to be excited. This implies that while the d-wave spinon gap vanishes at the
nodes, at T → 0 there are no free fermions. Thus no residual linear term for
the thermal conductivity can be observed. Our result reveals a very interest-
ing underlying ground state for the pseudogap region of underdoped cuprates
where AF order coexists with metal-like electrical conductivity. Till now, no
such observations are reported. We expect elaborate experiments, including
neutron scattering and STM, would determine whether such a state exists.
Notes added: After our work was completed, we noted that Houghton et
al. [32] also studied the breakdown of the WF law in terms of spin-charge
separation. Their work made a mean-field treatment of the t-J model in
the large-N limit. In our work, however, strong gauge fluctuation plays an
essential role and leades to CSB which was not mentioned in Ref.[32]. We
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believe CSB is necessary in explaining the violation of the WF law because
if it does not occur there should be a residual linear term for the thermal
conductivity caused by the low energy fermions excited from the nodes of
the dx2−y2 spinon gap [10].
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